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We study the effect of spin injection into a Luttinger liquid. The spin-injection-detection setup 
of Johnson and Silsbee is considered; here spins injected into the Luttinger liquid induce, across 
an interface with a ferromagnetic metal, either a spin-dependent current (I s ) or a spin-dependent 
boundary voltage (V s ). We find that the spin-charge separation nature of the Luttinger liquid affects 
Is and V 3 in a very different fashion. In particular, in the Ohmic regime, V 3 depends on the spin 
transport properties of the Luttinger liquid in essentially the same way as it would in the case of 
a Fermi liquid. The implications of our results for the spin-injection-detection experiments in the 
high T c cuprates are discussed. 

PACS numbers: 71.10.Hf, 73.40. -c, 71.27. +a, 72.15.Gd 



Spin-charge separation has long been proposed to de- 
scribe the normal state of the high T c cuprate super- 
conductors 0. Existing experimental results cited as 
evidences for spin-charge separation are mostly on trans- 
port properties 0. Since only charge transport proper- 
ties have so far been measured, the inference about the 
coupling, or lack thereof, between the underlying spin 
and charge excitations is indirect. It would appear nat- 
ural that spin transport, when combined with charge 
transport, should be useful in this context. Indeed we 
have recently proposed to probe spin-charge separation 
using a comparison between the temperature dependence 
of the yet-to-be-measured spin resistivity and that of the 
known electrical resistivity Several factors point to 
the feasibility of experimentally measuring spin transport 
in the cuprates using the spin-injection-detection tech- 
nique First of all, progresses in the preparation of 
the manganite-cuprate heterostructures appear to have 
led to the first demonstration of spin injection into the 
cuprates (albeit in the superconducting state) |7||| . Sec- 
ondly, the spin-diffusion length in the cuprates has been 
estimated to fall in the range required by this technique 

i- 

In light of the new experiments on the high T c cuprates, 
it is important to understand how spin injection into a 
non-Fermi liquid differs from spin injection into a Fermi 
liquid. The effects of spins injected into a non-interacting 
electron system has been studied in the past by Johnson 
and Silsbee and others |fl-p|,p|JlO|, following the initial 
proposals for spin injection and detection |llj|l2(| . 

Here we address the influence of spin-charge separation 
in the bulk metal on the boundary voltage/current mea- 
sured in a spin-injection experiment. For definitcness, the 
one-dimensional Luttinger liquid [ fl3[ is used as a proto- 
type for a spin-charge-separated metal. Crucial for our 
analysis is the fact that, the interface transport involves 
the binding of spinons and holons which then tunnel as 
a whole from the Luttinger liquid into the ferromagnetic 
metal. We find that the spin-charge-separation nature 
of the Luttinger liquid affects the boundary voltage and 



boundary current in a very different fashion. 

Figs. 0a) and ^p) illustrate two specific geometries in- 
volving a single channel Luttinger liquid (LL). The Lut- 
tinger liquid is in contacts with two itinerant ferromag- 
nets, FM1 and FM2. The magnetization of FM1 is chosen 
as the | direction. The magnetization of FM2 is either 
parallel (er =|) or antiparallel (er ={) to that of FM1. 
One passes an electrical current (7) across the FM1-LL 
interface. This current serves to inject non-equilibrium 
magnetization into the Luttinger liquid. For a given er, 
I a represents the induced current across the LL-FM2 in- 
terface in a closed circuit and V a is the induced boundary 
voltage (V a ) in an open circuit. The spin-dependent cur- 
rent, I s , is defined as the difference between the induced 
current when the magnetizations of the two ferromagnets 
are in parallel and that when they are antiparallel. Like- 
wise, the spin-dependent voltage, V s , is the difference be- 
tween the induced boundary voltages in the correspond- 
ing two cases. The setups illustrated in Figs. [TJa) and 
|l|b) differ in two regards. First of all, while the Luttinger 
liquid is in point contacts with both of the ferromagnets 
in Fig. pi), in Fig. 0b) it is in contact with FM2 over 
an extended spatial region. Secondly, unlike in Fig. 0a) 
the injection and detection loops in Fig. 0b) are closed 
through contacts with LL far away both FM1 and FM2. 
The setup of Fig. lb) is perhaps easier to implement 
experimentally. On the other hand, that of Fig. la) is 
easier to analyze theoretically. To illustrate the basic 
principle, in the rest of this paper we will focus on Fig. 
0a). 

The Hamiltonian of the Luttinger liquid can be written 

as 

Hint — H p + H s + H 
H P = ^v P J dx [K p (nU p ) 2 + ±-(d x 4 p ) 2 } 

H s = -U, / dx [A- S (rfl s ) 2 + -^(c^.) 2 ] (1) 
2vr J K s 

where H p and H s are respectively the Hamiltonian for 
the charge (p) and spin (s) bosons, 4> p and c4 s ; Ii p and n s 
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FIG. 1. Two possible set ups for spin-injection-detection 
experiment on a one-channel Luttinger liquid (LL). The mag- 
netization of the ferromagnetic metal FM2 is either parallel 
(a =1") or antiparallel (a =|) to that of the ferromagnetic 
metal FM1. I is the injection current. I a (V a ) is the cur- 
rent (boundary voltage) induced across the LL-FM2 interface 
when the circuit is closed (open) . The two interfaces in a) are 
separated by a distance d. 



are the corresponding conjugate momenta. The charge 
and spin velocities, v p and v s , and Luttinger liquid pa- 
rameters, K p and K Sl are determined by the forward 
scattering interactions. We consider the case when the 
spin-rotational invariance is preserved so that K s = 1. 

We focus on the regime where spin transport inside the 
Luttinger liquid is diffusive, with a spin diffusion constant 
D s . The diffusive transport is the result of the dissipa- 
tive terms in the Hamiltonian, H' , which also lead to a 
finite spin relaxation time T\ . The precise form of H' is 
however unimportant for our purpose in this paper and 
is left unspecified here. (It will, of course, determine 
the specific temperature dependences of D s and T\.) To 
simplify the discussion, we assume that the FMs are half- 
metallic ferromagnets. We will also neglect the electron 
interactions inside the ferromagnets jl4j]. The free elec- 
tron Hamiltonians for FM1 and FM2 are respectively 



and 



Ho 



e l C l,a C K> 

k 



(2) 



(3) 



where e\ and ef, are the corresponding energy dispersions. 

Since we will consider only the cases when the mag- 
netizations of the two ferromagnets are either parallel or 



anti-parallel with each other, we need only the kinetic 
equation for the longitudinal component of the magne- 
tization. We introduce m(x) to denote the deviation of 
the steady state magnetization density from the corre- 
sponding equilibrium value. The FM1-LL and LL-FM2 
interfaces are located at x — and x — d, respectively. 
The non-equilibrium magnetization density m(x) satis- 
fies the following |13] 



dx 2 



m(x) 



(4) 



where T\ is the longitudinal spin relaxation time. The 
boundary conditions will depend on the details of the in- 
terface. Leaving more general cases for elsewhere [ jj"6| , 
we assume that no spin-flip scattering exists at the inter- 
face. In this case, the spin current j s is conserved across 
the interface. Given that j s (x = CP) = yUsJ/e, where 
fiB is the Bohr magneton and e the electron charge, the 
boundary condition at the FM1-LL interface is, 



- D s dm/dx\ x=0 = [i B I/e 
Likewise, at the LL-FM2 interface, 

- D s dm/dx\ x= d = M-B-We 



(5) 



(6) 



The induced current I a depends on the drop of the non- 
equilibrium magnetization across the LL-FM2 interface, 
which is equal to Am — m(d). We separately discuss the 
closed circuit and open circuit cases. 

Consider, first, the case of a closed circuit. The drop 
of non-equilibrium magnetization, Am, leads to a drop 
in the effective magnetic field, 



AH = Am/x 



(7) 



across the LL-FM2 interface. Here, x is the uniform spin 
susceptibility of the Luttinger liquid. AH provides a 
driving force for spinons to move across the interface. 
Since only electrons can tunnel across the barrier, spinons 
bind with holons and move across the interface as a 
whole. A finite electrical current, I^ losed t is then induced 
by AH. To calculate /^ osed j we follow the general pro- 
cedure of Kane and Fisher |l7j and integrate out all the 
degrees of freedom of the Luttinger liquid except at the 
site of contact, x = d. This leads to an effective action 
entirely determined by the boson field <fi p = 4> p (d) and 
4> s = 4>s{d): 



U) n \\(j>p{uJ n )Y 



E 



0J n \\cj) s {uj n )\ 2 (8) 



where (3 is the inverse of temperature and oj n the bosonic 
Matsubara frequencies. In deriving this on-site action, we 
have neglected the effect of the non-equilibrium magne- 
tization, m(x). This is appropriate for the Ohmic regime 
fcfiT > nsrn/x- We are now faced with a problem of one 
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FIG. 2. Reduction of the coupled LL-FM2 problem to a 
retarded impurity, described by the action given in Eq. (^), 
coupled to a three-dimensional ferromagnetic metal. The cou- 
pling is through the tunneling matrix t. 



p8[ retarded impurity - whose dynamics is controlled by 
Eq. (JsJ) - coupled to a three dimensional ferromagnetic 
metal. This effective impurity problem is illustrated in 
Fig. 2. The impurity problem can also be written in 
a Hamiltonian form, by introducing a fictitious bosonic 
bath. 

From the one-particle tunneling Hamiltonian, one can 
construct respectively the charge current operator J and 
spin current operator Jm- They are as follows, 



J/e = Jm/I-I 




■ 4>p + <>p 
' -J2 



V2 



-FLc 1 T* la ^ C„ 



B.c. 



(9) 



where F^± are the Klein operators for the left and right 
moving branches and a is a lattice cutoff |fL3| , [L9| . Here, 
c a is the annihilation operator for the Wannier orbital 
of the conduction electrons at the contact, and t is the 
tunneling matrix. That the interface charge and spin 
current operators are simply related to each other pQ| 
in spite of the separated spin and charge excitations in 
the bulk Luttinger liquid reflects the simple physics that, 
only a bare electron tunnels across the interface. 

We can now calculate loosed in the Ohmic regime using 
the Kubo formalism, 



jclosed = (_ A #) lim ■ 



-lumjj M (uj + i0+) 



(10) 



where ttjj m is the charge current-spin current correla- 
tion function. Similar to the Kane-Fisher problem, for 



repulsive interactions K p < 1, the tunneling term is an 
irrelevant coupling in the renormalization group sense. 
We can then calculate ttjj m perturbatively in t. The 
result is as follows, 



jclosed 



C(k B T) 1 / 3K >-V 2 eii B *m/x 



(11) 



where C = cN F t 2 /W 1/2K " +1/2 . Here N F is the density 
of states of FM2 at the Fermi energy, W is a typical bare 
energy scale associated with the electrons in the Lut- 
tinger liquid, and c is a constant of order unity. The 
induced spin-dependent current across the LL-FM2 in- 
terface, I s = I? losed — jclosed can now kg determined, 
from Eqs. (||,|,[n]) . The result is as follows, 



I s /I = C{k B T) x / 2K ^ x l 2 ^- 



X 5 S smh(d/S s ) 



(12) 



where S s = y/D s Ti is the spin-diffusion length of the 
Luttinger liquid. 

We now turn to the open circuit case. Here, in order to 
balance the current induced by the magnetization drop, 
a boundary voltage, V a , develops across the LL-FM2 in- 
terface. The induced current in this case is 



ir n = (-AH) lim + 
-Im.-Kjj(w + i0 + ) 



+V a lim 



(13) 



which leads to 



rope 



CikBTy/^-^eifiBAm/x + eV a ) (14) 



Setting /°P e ™ — in Eq. (|l^), and combining with Eqs. 
(^,||J6|) , we arrive at the following expression for the spin- 
dependent boundary voltage, V s = V[ — Vj,: 



V.I I 



Ti 



e 2 x S s smh(d/S s ) 



(15) 



Eqs. ( |12| , |15|) are the main results of this work. Several 
comments are in order. 

First of all, it is instructive to see how our results 
reduce to those for free electrons [^|-|6|,p|Jl0[| when elec- 
tron interactions are reduced to zero. For non-interacting 
electrons, spin diffusion D s is reduced to the usual elec- 
tron diffusion constant D = v f t, where v F is the Fermi 
velocity and r the transport scattering time. In addi- 
tion, x = Mb^fi where N F is the density of states at 
the Fermi energy. Straightforward manipulation leads to 
V s /I — pS° s / sinh(d/(5s), where p is the electrical resistiv- 
ity of the bulk metal and 5° s = \JDT\. In addition, for 
non-interacting electrons, K p — 1, and our expression for 
I s is reduced to I s /I = (e 2 N F N^t 2 )pS s / smh(d/S s ). 

Secondly, we note that for the Luttinger liquid, the 
temperature dependence of / s is not solely determined by 
that of the bulk spin diffusion and relaxation properties of 
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the Luttinger liquid. There is an additional temperature- 
dependent factor, with a power which explicitly depends 
on the Luttinger liquid parameter K p . This additional 
temperature-dependent factor, however, cancels out in 
V s . This last result can ultimately be traced to the fact 
that the interface charge current and spin current are di- 
rectly related to each other, in spite of the spin-charge 
separation nature of the bulk Luttinger liquid. On this 
ground, we expect the expression for V s to be valid very 
generally, so long as one particle processes dominate the 
interface transport and no strong-coupling (in t) phenom- 
ena take place. The boundary voltage V s is hence 
more useful than I s for the purpose of extracting bulk 
spin transport properties of strongly correlated metals, 
including the high T c cuprates. 

The general expression for the spin-dependent bound- 
ary voltage suggests the following procedure to measure 
the temperature dependence of the spin transport scat- 
tering rate, 1 / Tt r , S pin> of correlated metals. The latter 
is the quantity of interest in probing spin-charge separa- 
tion S. In strongly interacting metals, it is likely that 
the dissipations for both the spin current and total spin 
come primarily from electron-electron interactions. The 
spin relaxation time and spin transport relaxation rate 
are then proportional to each other: Jr « (A so ) 2 — - — , 

1 'tr,spin 

where X so is the dimcnsionlcss spin-orbit coupling con- 
stant. When the sample thickness d is small compared to 
the spin diffusion length 5 S , the temperature dependence 
of yVsjl is then directly proportional to the temperature 
dependence of Tt r , S pin- On the other hand, for thickness 
much larger than the spin diffusion length, the tempera- 
ture dependence of ln(xV s /I) is directly proportional to 
that of l/Ttr, S pin- This procedure does not require mea- 
surement in a series of samples of different thicknesses - 
as was necessary in the case of simple metals || - and 
may be experimentally easier to implement. 

To summarize, we have studied the effects of spin injec- 
tion into a Luttinger liquid. Our conclusion that the tem- 
perature dependence of the boundary voltage depends on 
the bulk spin-transport properties only is expected to be 
generally applicable and of direct relevance to the spin- 
injection-detection experiments in the cuprates. 
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